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Chapter 7- Sampling and the DFT

Solutions

(In this solution manual, the symbol, ®, isused for periodic convolution because the preferred
symbol which appears in the text is not in the font selection of the word processor used to
create this manual.)

1. Samplethesignal,
X(t) = 10sinc(500t)

by multiplying it by the pulsetrain
p(t) = rect(10*t) * 2000comb(1000t)

to form the signal, x,(t). Sketch the magnitude of the CTFT, X (f), of x(t).

X ,(t) = 10sinc(500t)| rect(10* ) * 1000comb(1000t)|

1 f 1 f f
Xp(f)=—rect( ) [—4an( 4)comb(—):|
50 500/ [10 10 1000
X (f):irect(i)* sinc( )25 f —1000k)
P 500 500 10* )&

1 K
X () = —=rect f - 1000k
o(1)=500" (500) z;s'n 10)5( )

X (f):i sin L)rect(L)*é(f —1000k)
P 500 =, 10 500
1 < f —1000k
~ 5004 2.9 C( ) ( 500 )
X(F)I
0.00;
-20000 20000 f

X(t) =10sinc(500t)
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asin Exercise 1 and form asignal,
X, (t) = [1000x(t) comb(1000t)| * rect(10t).
Sketch the magnitude of the CTFT, X (), of x,(t) and compareit to the result of Exercise 1.

X, (t) = [10,000sinc(500t) comb(1000t)| * rect(10*t)
X, (f)= irect(L)*comb(L) i‘lsinc(%)
P 50 {500 1000 [10 10
1000 f < [ f
X (f)= — f —1000Kk —
o(F) X 105 [r&t(500)*k_2;6( 000 )}snc(w‘)

1 . f Vo f —1000k
X p( f ) = %SI nC(W)kzz_; reCt(—SOO )

X(f)l
0.002

-20000 20000

3. GivenaCT signdl,
x(t) = tri(100t) ,

form a DT signal, x[n], by sampling x(t) a a rate, f,=800, and form an information-
equivalent CT impulse signal, X,(t), by multiplying x(t) by a periodic sequence of unit
impulses whose fundamental frequency is the same, f,= f,=800. Sketch the magnitude of
the DTFT of x[n] and the CTFT of x,(t). Changethe sampling rateto f,= 5000 and repeat.

x[n] = tri(100nT,)

X(F)= itri(loonTS)e‘iz”F”: Y (1-100nT,)e =

N=—oo [100nTg|<1

X(F)=1+ 3 (1-100nT)(e"*™ +e/>™)

0<100nT, <1

|
X(F)=1+2 (1-100nT,)cos(2aFn)

n=1

Solutions 7-2
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where [ } means the greatest integer in " (same asthe“floor” functionin MATLAB).

X, (t) = tri(100t) f,comb( f.t)
1 f f
Xa(f)—ﬁsmc (100) comt{?)
X, (f)= f. ( ) Z S(f —kf
d 100 100) “~

fo f — kf
X f — S H 2 S
(1) 100 4~ ( 100 )

Also, using X s (F) = X (f.F)

we get

X(F)= f. sinc (fSF—k)—
100 100

—oo

100, 100

f . 2 f I
_ S S |x
1opSne (1 ) comb(F)

If both DTFT' s are correct then

tri 100 n %Lsi ncz(fS—F) * comb(F)
f 100 100

X(F) =

S

and, more generaly,

tri(%)@wsi nc?(wF) = comb(F) .

Solutions 7-3
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fS =800 fS = 5000
Xs(F)I Xl
8 50
-1600 ' 1600 f -10000 ' 10000 f
X(F)I X(F)I
AA jA AA |
-2 ' 2 F -2 ' 2 F

4. Given abandlimited CT signal,

x(t) = sinc(%) cos(2xt),
form aDT signd, x[n], by sampling x(t) at arate, f,=4, and form an information-equivaent
CT impulsesignal, X;(t), by multiplying x(t) by a periodic sequence of unit impulses whose

fundamental frequency is the same, f,= f.=4. Sketch the magnitude of the DTFT of X[n]
and the CTFT of x,(t). Changethe samplingrateto f,= 2 and repeat.

x[n]=s nc( n}) cog(2anT,)

Using
1 nc(ﬂ)eF—> rect(wF ) * comb(F)
W w

and

cos(27zF0n)eF—>%[comb( F - F,) + comb(F + F,)]

X(F):[irect(d_'rlz

T S

S

) % comb(F)] ® %[comb(F ~T,) +comb(F +T,)]

T

S

X(F)= Erect( A_'I_F ) +[comb(F - T,) + comb(F +T,)]

S

x(F)=T3rect(4T—F)*[ i S(F-T,—k)+8(F +T,- k)]

s s k=—c0

Solutions 7-4
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X(F)=21, rect(4f(F - T,- k)) +rect(4 f,(F + T, k))
X (t) =9 nc(%) cos(2nt) f,comby( ft)

(1) = rea(a )+ 3[a(1 ~1)+o( +1]-come { |

v o )

X, (f)=2rect(4f) [25(f—1—k +i f—”-k)]

Kk=—co fs

K=—o0

X, (f)=2frect(4f) [26f 1-kfy)+ ia(f+1—kfs)]

Xs(f)=21, Y rect(4(f —1-kf,))+rect(4(f +1-ki,))

K=—oo

f=4
s

WL L1
W L

2

5. Find the Nyquist rates for these signals.
1 f
t) = sinc(20t X(f)=—=rect fg =2F. =20
(a) X() SnC( ) ( ) zorec(zo) Nyq m

4 f
=4snc*(100t)  X(f)=—tri| — |= f,,=2f =200
(b) X(t) sinc ( ) ( ) 100 rl(loo):> Ny m

Solutions 7-5
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©  x(t)=8sin(50nt)  X(f)=j4[8(f +25)-5(f —25)|= fy,=2f, =50

(d)  x(t)=4sin(30nt) + 3cos 707t)

j28(f +15)-§(f —15)]
X(f)z 3 = f

=2f, =70
+[8( - 35)+5(f +35)] ™

e X(t) = rect(300t) Not Bandlimited. Nyquist rate isinfinite.

) X(t) = —10sin(40xt) cos( 300xt)
X(f)=-j58(f +20)-(f —20)]*%[5(f ~150) + §( f +150)]

5[ 8(f +20)  8(f —150)— §( f — 20)  §( f —150)

X(f)=-i7

2| +6( f +20)#§(f +150)—§(f — 20) = §( f +150)
x(f):-jg[a(f ~130)- §(f —170) + §(f +170) - §(f +130)]

foo =2f =340

Nyq

6. Sketch these time-limited signals and find and sketch the magnitude of their CTFT's and
confirm that they are not bandlimited.

@ x(t)= 5rect(ﬁ) X(f) = 500sinc(100f)
X
5
-200 200 t
X()
500,
-0.04 ' o.o4f
b)  x(t)=10tri(5t) X(f)=2s ncz(é)

Solutions 7-6
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X(®l
/l\
-04 ' o4t
X(F)I
Am
-20 ' 20 f

©  x(t)=rect(t)[1+ cog(2nt)]
X(f):sinc(f)*{S(f)Jr%[é(f 1)+ (1 +1)]}

X(f):sinc(f)+%[sinc(f ~1)+sinc(f +1)]

x®l

X(H)I
: m 51‘

(d)  x(t)=rect(t)[1+ cog(2at)|cog(16xt)

X(f):sinc(f)*{5(f)+%[6(f D)+ o(f +1)]}*%[6(f _8)+5(f +8)]

Solutions 7-7
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[5(f-1)#5(f-8) |

e Y- a8

| +6(f +1) = 5(f +8)d_
1[8(f -9)+8(f +7) |

x<r>=snc<f>*§{6<f—8>+5<f 92 st -7+ o(1 +9)

%,—J

1

X(f)=%{sinc(f—8)+sinc(f+8)+—{

2

sinc(f —9)+sinc(f +7) :I}

+sinc(f —7)+sinc(f +9)

x@®l

IX(H)I

1

NN

-12 12

7. Sketch the magnitudes of these bandlimited-signal CTFT’ sand find and sketch their inverse
CTFT’ sand confirm that they are not time limited.

@  X(f)=rect(f)e!* x(t) = sinc(t - 2)

X()I

Solutions 7-8



©M. J. Roberts - 7/13/03

. 1 , t+ ;
—tri ] — 1
(b)  X(f)=tri(200f)e X(t) = 1005 100
X(H)I
/l\
-0.02 ' 502!
(O
O.(m
-400 l 200 ¢
-0.005
(©  X(f)=6(f-4)+5(f +4) X(t) = 2coy(8nt)
Xl
1
-4 e

(d)  X(f)=j[8(f +4)-5(f - 4)]#rect(8f)

X(t) = 25in(8m)%sinc(£) 14 nc(i)gn(sm)

Solutions 7-9
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X(H)I

1

x(®)

8. Samplethe CT signd,
x(t)=sin(2nt) ,

a asampling rate, f. Then, using MATLAB, plot the interpolation between samples in the
timerange, —1< t <1, using the approximation,

x(t) = 2% i x(nT,)sinc(2f,(t-nT,)) ,

with these combinationsof f, f_, and N.

@ f=4,f=2,N=1

S

d f=8,f=2,N=4

Solutions 7-10
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f) =16, f.=8 , N=16

X(t)
A AN
SAV/IRV,

@f =4,f =2,N=1 (b)f =4,f =2,N=2
S C S C
x(t) X(t)

1 1

| N\ L N\ .
\/ \J

(cf =8, f =4,N=4 (df =8,f=2,N=4
S C S C
x(t) X(t)

N AN
1 \‘IA 1 -1 \'A 1

(ef =16, f =8,N=8 ()f =16, f =8,N=16
S C S C
X(t) x(0)

9. For each signa and specified sampling rate, plot the origina signal and an interpolation

between samples of the signal using a zero-order hold, over thetimerange, -1<t<1. (The
MATLAB function “st ai r s” could be useful here.)

@ x(t)=sin(2at) , f.=8

Solutions 7-11
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x(t)

Al
U

(b)  x(t)=sin(2at) , f.=32

AR
ERVIRV

() X(t)=rect(t) , f,=8

x(t)
AL
(d  x(t)=tri(t) , f.=8
x(t)

10. For each signal in Exercise 9, lowpass filter the zero-order-hold-interpolated signal with a
single-pole lowpass filter whose -3 dB frequency is one-fourth of the sampling rate.

x(t) x(t)
_1 t A n
@ (b) \‘A V

Solutions 7-12
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x(t) x(t)

© . (@) \

11. Repeat Exercise 9 except use afirst-order hold instead of a zero-order hold.
X(t) X(t)
AN N
YRV VAV
@ 1 (b) 1

x(t) x(t)

-1
(© 1 (d) 1
12. Sample the two signals,

x()=e" and x,(t)=e" +sin(8nt)
inthetimeinterval, —3< t < 3, a 8 Hz and demonstrate that the sample values are the same.

x,[n]=e ™)’ x,[n] =& ™) + sin(8nT,)
x,[n]= e_(g)z X,[n]= e_(s)z +sin(zn) = e_(s)z =x,[n]

13. For each pair of signals below, sample at the specified rate and find the DTFT of the
sampled signals. In each case, explain, by examining the DTFT’s of the two signals, why
the samples are the same.

@  x(t)=4cosd16nt) and x,(t)=4coy76nt) , f,=30
x,[n] = 4cog(167nT,) and x,[n]= 4cog767nT,)

X,(F) = 2[comb(F - 8T,) + comb(F +8T,)|

X,(F)= 2[comb(F - %) + comb(F + %)]

Solutions 7-13
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(b)

(©
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—

X,(F)=2 comb(F —ﬁ) + comb(F +§)
| 30 30

—

X,(F)=2 comb(F —E—l)+comb(F +£+1) = X,(F)
30 30

:comb(F—E) :comb(p+§)
L 30 30

x,(t)=6sinc(8t) and x,(t) = 6sinc(8t)cos(400nt)

, f.=100

x,[n]=6sinc(8nT,) and x,[n]= 6sinc(8nT,)co 4007nT,)

4T,

S

X,(F)= 3 rect( '_:I_]*comb(F)

S

X,(F)= 75rect(2—25 F)  comb(F)

3 F
XZ(F):[4T rect[8_|_

) * comb(F)} ® %[comb(F — 200T,) + comb(F +200T,)|

X,(F) = — rect( -

8T, STJ [ comb(F — 200T,) + comb(F + 200T,)]

2

=comb(F)

X,(F)= Erect(% F) * |:comb(F —2) +comb(F + 2)]

=comb(F)

X, (F)=—r

5 ect(2—25 F) +[2comb(F)|= 75rect(% F) +comb(F) = X,(F)

x,(t)=9cog14nt) and Xx,(t)=9cog98at) , f =56

x,[n] = 9cog(147nT,) X,[n] = 9cog(987nT,)

X,(F)= g[comb(F — 7T,) + comb(F + 7T,)|

X,(F)= g[comb(F - é) N comb(F .\ %)]

Solutions 7-14
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X,(F)= g[comb(F — 49T,) + comb(F + 49T,)]

X,(F) :g comb(F —g)+ comb(F +g)

:comb[Fﬁ-}) :comb(F—l)
8 8 ]

X,(F) :%:comb(F +%)+ comb(F - é): = X,(F)

14. For each sinusoid, find the two other sinusoids whose frequencies are nearest the frequency
of the given sinusoid and which, when sampled at the specified rate, have exactly the same
samples.

@ X(t)= 4cog8nt) , f,=20
4cos(48mt) and 4cos(32t)
(b)  x(t)=4sin8at) , f,=20
4sin(48nt) and — 4sin(32nt)
(© X(t) = 2sin(-20mt) , f,=50
~2sin(-80nt) and 2sin(~120xt)
(d)  x(t)=2cog-20nt) , f.=50

2cos—80nt) and 2cos—120nt)

e X(t)= 5005(30711 + %) , f,.=50
5005(1307& + %) and 5cos(—70nt + %)

15. For each DT signal, plot the origina signal and the sampled signal for the specified sampling
interval.

@ x[n]:sin(zz—ﬁn) , N,=4

xJn]=s r(%) comb,[n]

Solutions 7-15



x[n]
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x[n]

xJri

(d  x[n]= (E)n un] , N,=6

5 40
xJrl

1
- I T L By ‘40 n

16. For each signal in Exercise 15Error! Reference source not found., sketch the
magnitude of the DTFT of the original signal and the sampled signal.

@  x[n]=sin %) xs[n]:sir(zzjzn)comb [n]

x(F):l;ia(F +——k) Z F———k)]

Solutions 7-17
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X(F)=13 [6(F P2 k)—S(F 1 k)]
2. 24 24
il 1 1
= comb(F + —)— comb(F — —)]@comb(4F)
2| 24 24
1 5(F +i)—6(F —i)]*comb(4F)
2| 24 24
X(F)= 1 comb(4(F + i))— comb(4(F - i))]
2| 24 24
i
8| «

XS(F): (F +£—Z) Z{F—ﬂ—z)]
Xﬁ:)
X (P
(b)  x[n]=recty xn] = rect,[n]comb,|
Using .
rect, [n]¢«— Sm(ﬁ;(](zﬂNFW)Jrl))
_ sin(197F)
X(F)= sin(zF)
_ sin(197F) _sin(197F) 1 1
X(F)= 2o @ combior) - S 2[5(F)+5(F 2)]

Solutions 7-18
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N

-

X(F)I
20

N |-

X (P

20

(©  X[n]= co{%) cos(%m) xJn]= 00{24—7?) co{%) comb,[n]
b( ) t{F +4i8):®%[comb(F—%)+comb(F +éﬂ
X(F)= % comb(F — %) - comb(F + %): % %[5(F - é) + 5(F + %)]

comb(F - l) + comb(F + E)

1 48 48

4
+comb(F - E) + comb(F + l)
| 48 48) |

1 comb(F—4—78)+comb(F +%) —*1 1
X(F) csfo 2 )omfr2) RG]

Solutions 7-19
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comb(F - l) + comb(F - 3—1) + comb(F + i) + comb(F - E)
1 48 48 48 48

X(F)==
ok 8 +comb(F —E) + comb(F —§)+comb(F +l)+comb(l: —E)
48 48 48 48
IX(F)I
0.
1 ' i F
X (Pl
0.25
1 1 F
(d  x[n]= (g)n u[n] x[n]= g)n u[n]comb,[n]
10 ) 10 °
Using
a"u[n]«< L
1- o
: 1 10
X(]Q)= =
(i) 1- D g0 10-9
10

5(Q) + 5(9—1) + 5(9—2—”)
1 10 .z 3 3

X{iQ) =
2r10-9e 3 +6(Q-7) + 5(9—4—ﬂ) + 5(9—5—75)

3 3

10 10 10
10-96 @

1 10-0e 173 100 ®5)
6 10 10 10
Tl0-ge @

10-06 %) 10_gel* )

Solutions 7-20
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1 . 1 N 1
10-9 1y g 175) 10_ge (05
1040 10rae1#5) 10400 * )

XGQI

10

jQ

X G

10

on ! on jQ

17. For each DT signal, plot the origina signa and the decimated signal for the specified
sampling interval. Also plot the magnitudes of the DTFT’ s of both signals.

@ x[n]=tri(%) , N,=2 xd[n]ztri(g)

Using
tri(%)@wsi nc?(WF ) = comb(F )
X(F) =10sinc*(10F) * comb(F)
or
X(F): Zt ( )e jorFn _ Z trl( )e j2nfn _q 4 z( n)(ejzmrn +e—j27an)
- \10 "o -\~ 10
Similarly,

X 4(F) = 5sinc®(5F ) * comb(F)
or
5

X, (F) =1+ 2(1_ g)(eim i)

n=1

Solutions 7-21
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X[n] [X(F)I
m 10

20 % 1 ' i F
X [n] |Xd(F)|

.
ol

Zhor
asin(Q,)e
1- 2acos(Q,)e ' + a’e 1>

0.95si n(”)e‘ e
5

1— 1.9co{g)e-“’ +0.0025¢ 1%

X(iQ)=

x,[n]=(0.95)*"si n(z?’m) u[2n] = (0.9025)"si n(?) u[n]

Similarly
0.9025si n(zg)e-iﬂ

(iQ) T ,
1- 1.805005(5)eJQ +0.8145¢ 1

Solutions 7-22
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X(F)I

I

X (P

100

-1

(©

X 4(F) =% comb(F —g) + comb(F +g)

X, (F)= %Fcomb(F +%) + comb(F —%) = X(F)

x[n] X(F)l

1 0,

il =} t T F
x ] X (P

1 0,

il =} t T F

Solutions 7-23
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18. For each signd in Exercise 17, insert the specified number of zeros between samples,
lowpass DT filter the signals with the specified cutoff frequency and plot the resulting signal
and the magnitude of itsDTFT.

@ Insert 1 zero between points. Cutoff frequency is F, = 0.1.

— n n .
Xq W , Wanlnteger

0 , Otherwise

xIn]=1

—tri N ianint er tri(ﬂ) Eanint er
x[n]={ \5N,.] " N, T _1M10) 2 =
0 . otherwise 0 , otherwise

xJn]= tri(%) comb,[n]

Using
m(%)@wg nc?(WF) * comb(F)

X |(F) =[10sinc®(10F) * comb(F )| ® comb(2F)

X{(F)= [103inc2(10|:) * comb(F)] *%[5(,:) n 5(,: _ %)]

X (F) = 5sinc?*(10F) * [comb(p) n COmb(F B %H

X(F)=5 i sinc?(10(F — k)) + sincz[lo(F —%— k))

K=—oo

X, (F) = [rect(5F) * comb(F )| x 5sinc*(10F ) * [comb(F) + comb(F _ %)]

X, (F) = [rect(5F) * comb(F )| x 5 i sinc®(10(F - k)) + sincz(lo(F - %— k))

Using x[n]*y[n]«—— X(F)Y(F), tri(%)@wsi nc?(wF) * comb(F)

and &' x[n]«—— X(F - F,)

Solutions 7-24
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. (n 1 (n 1. (n)
x,[n]= smc(—) * —trl(—) + —trl(—)e’
5 10 \10) 10 \10
. (nY 1 (n , . (nY 1 (n)Zf -2 &
X.[n|=sind = [*—tri| — |[(1+e'™)=sing — |*—tri| — e 2]e 2 +e 2
Inl=snd 2)- o 2 Jorem)=snd 1)« (e 5o 7 e
1. (n (n) i® m
x[n]==sing — |*tri| — |e" 2 cod —
5 5 10 2

-20 20

X ()

5

-1 ' i F
(b) Insert 4 zeros between points. Cutoff frequency is F, =0.2.
n . [2m
X4[n] = (0.9025) sm(?) u[n]
n n n 2ﬂl\rll n n
X4l — |, — aninteger [(0.9025)n. sin S |u[— [, — aninteger
xn]= [N] N, onieger_[(0.9029) s g [N] N, e
0 , otherwise
0 , Otherwise

x[n]=(0.9797)"s n(22_7r5n) u[n]comb[n]
Using
asin(Q,)e
1- 20ccog(Q,)e * + a%e 1

a"sin(Qyn)uln]«—

Solutions 7-25
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0.9797si n(”)eig
25

X{(iQ) = Zi o ® comb(SZE)
T 1-2(0.9797) cos(zs)e‘jg +(0.9797)’e 1% &

6(22 + %) + 6(22 + %)
. T T
0.9797sl n(ZE)e‘ o
. 1 25 Q Q 1
=5 o R
T 1- 2(0.9797) cos()e‘jg +(0.9797)%e" 12 7
25 Q 2
429
| \2r 5 |
5(9 + 4—”) + 5((2 + 2_7:)
5 5

0.9797si n@’é)ejﬂ o
X(iQ)= | +6(Q)+ 8| Q- =
s 5

1-2(0.9797)co 2 e 1 1 (0.9797)%e 12
25 4
T
+6| Q——
i 5 |

6(9 + 4;) + 5(9 + 2;)

o 2T o

0 0 0.9797s n( 5 )e o

o |+ comb{ —— o +5(Q) + Q—?
1-2(0.9797) cos(zs)eiﬂ +(0.9797)%e 12

o)

*

5(9 + 45”) + 5(9 + 257)1)
) O 2\ 0.9797s n@g)e e o
Xi(jg):[zﬂZred( 08 ) = * +5(Q)+5(Q—5)
— ST 11— 2(0.9797) co{)e  +(09797)°e >
25 4
+5(Q — 5)

x,[n]=xn] * F‘l(rect(

) onlz)
x[n]=(0.9797)"s n(Z@S) u[n]combg[n] és; nc(z—;)

% [n]= Zsinc(z—;) +(0.9797)" sin(zz—nsn)u[n] 3" o[n—5m|

5 —

Solutions 7-26
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2. (2n = sm . (107m
Inl==9nc — | * 0.9797)" sin
xln]=2and 21+ 5 (09707 sr( 0

M=—oo

)u[Sm]6[n —5m|

x,[n]= 2 nc(z—;) * i (0.9025)" sin(?) u[ml]é[n—5m|

5 —

x[n]= % i (0.9025)" sin(z?ﬂm) u[m]sinc(z—;) #8[n—5m]

M=—oo

x;[n]= g i (0.9025)" s n(?) um]s n{M)

M=o 5

x,[n] = égo(o.gozs)m s n(z?ﬂm) gn{@]

X[l

27 ' 2n

(© Insert 4 zeros between points. Cutoff frequency is F, = 0.02.

X4[n]= CO{MTM) = co{%rn)

x[n]= 005(7—7m)comb5[n]

20

X (F)= %[comb(F - g) + comb(F + g)] ® comb(5F)

Solutions 7-27
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S(F)+ 6(F —%)

et P4 -3

comb(F ! +comb(F s +comb F —E)+c0mb(F _X
8 40 40 40
X (F)= L +comb(F —g)+comb(F +Z)+comb(F +§)+comb(F +E)
10 40 8 40 40
+comb(F + E) + comt{F + i)
| 40 40
[ 7 43 51 59) |
comb(F - §) + comb(F - 4—0) + comb(F - 4—0) + comt{F - 40)

X,(F)= i[rect(25F) + comb(F )] +comb(F - 67) + com{F + 7) + comb(F + 27) + comb(F + 19)
10 40 8 40 40
+comb(F + E) + comb(F + 3)
i 40 40

comb(F - 1) + comb(F +1)+ comb(F - 3)+ comb(F +3)
8 8 40 40

X,(F)= %[rect(ZSF) * comb(F)] +comb(F —j{(l))ﬂzomb(l: +%)+comb(F —i%)+comb(F +£l£)

+comb(F - 19) + comb(F + E)
| 40 40

[ comb(F - 0.125) + comb(F + 0.125) + comb(F — 0.075) + comb(F + 0.075)
X, (F)= % rect(25F ) * comb(F)]| +comb(F - 0.275) + comb(F + 0.275) + comb(F — 0.325) + comb(F + 0.325)
| +comb(F — 0.475) + comb(F +0.475)

None of these impulses passes through the ideal lowpassfilter.
X(F)=0 and x[n]=0
No graph needed.
19. Samplethe following CT signals, x(t), to form DT signals, x[n]. Sample at the Nyquist
rate and then at the next higher rate for which the number of samples per cycle is an integer.

Plot the CT and DT signals and the magnitudes of the CTFT’s of the CT signals and the
DTFT'sof the DT signals.

(@ X(t) = 2sin(30nt) + 5cos(18xt)

Solutions 7-28
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X(f)=j[8(f +15)-&(f —15)]+g[6(f +9)+8(f -9)|

Nyquist rateis 30 Hz. Period is % second. Ten samples are required.

At Nyquist rate:

Xyyq[N] = 28iN(3072NT,) + 5cog(187nT,) = 2sin(zm) + 500{%)

KilF)= i cont{  + 3 -oomi 3]+ com{ 7 5 ccome{  + 3

=0 dueto diasing

XNyq(F) = g[comb(F - %) + comb(F + %)]

At the next higher rate 11 samples are required and the sampling rate is 33 Hz.

x,,[n] = 28in(307nT,) + 5cog(187nT,) = 2s n(l(i—zn) + 5005(61—”;)

X,(F)= j[comb(F +1il)_ comb(F —%)]+g[comb(F - 1—31) + comb(F +1—31)]

x(t) X ()l
3

e ATAs 1 |tf

-15 15

I

Nyq

Pk L

X, (Pl

WL]JLT‘
N ‘]lHTLt |n | |n| r

-1

(b)  x(t)=6sin(6at) cos(24nt)
X(f)= j:;’[a(f +3)-8(f _3)]*%[5(1: ~12)+6(f +12)]

X(f)= jg[a(f —9)+8(f +15)§(f ~15)— &(f +9)]

Solutions 7-29
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Nyquist rateis30 Hz. Periodis % second. Ten samples are required.
At Nyquist rate:

x [n]=69n(6st>COS<24””Ts)=69“(25“ )C"{Sﬂ)

10

10
Xyyq(F)=] comb(F +%)—Com F—— } [ F—— +comb(F +%)]
X yq(F)= j;:comb(F +%)—comb(F —%J]*[S(F —%)HS(F +%)]

Nyq

.3 3 5 5 3
X yq(F)= is comb(F —E)+comb(F +E)—comb(F —E)—comb(F +E)
| =0 dueto diasing
3[ 3 3
X yq(F)= s comb(F —E)—comb(F +E):|

At next higher rate 11 samples are required and the sampling rate is 33 Hz.

X,,[n] = 6sin(67nT,) cog247nT,) = 6si n( 2 ) CO{SEJ

X, (F)= jz{comb(F +1—11)—comb(F - %)]@%[comb(F - %) + comb(F +1il):|
X, (F)= jl;’:comb(F + 111) comb(F —ﬁ)]*[é(F —%)+5(F +1i1)]
X,(F)= g:comb(F - %)+ comb(F +1£1)— comb(F —121)— comb(F +§J]

Solutions 7-30
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() IX(E)I

8 3
> A% Pt bt
8 -15 15 f
-y Kol
8 15
-8 %] I F
x [l X, (F)I
8 5
8 -1 i F

20. For each of these signalsfind the DTFS over one period and show that X[ N ] isreal.

_0
2

(@  x[n]=rect,[n]+comb,[n]

§
Using rect, [n]+comb, [n]«= = !

X[k isin(S g)

12 . (kﬂ)
Sn
12

x[6]=ign(5ig)_ 1 Sin(Sg) 1

12 . (67:) 12 . (
SN —— SN
12

(b)  x[n]=rect,[n+1]*comb,[n]

NS

Solutions 7-31
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(©  x[n]= co{lign)cos( 21?)

Period is 16.

X[K]= %(combm[k — 7]+ comb, [k + 7)) ® %(comble[k —1]+ combyg[k +1])
X[K]= %(combm[k — 7]+ comb,g[k + 7]) * (6[k — 1] + 8[k + 1])
X[K]= %(combm[k — 8]+ combys[k — 6] + combys[ k + 6] + comb,¢[k + 8])

X[8]= %(comble[o] + comby[2] + comb¢[14] + comb,¢[16]) = %(1+ 1) = %

Real.
__(12m 2n(n-3)
(d) x[n]—co{ 1 )co{ 1 )
Period is 14.

. 3nkK

X[k] = {%(combm[k — 6]+ comb,,[k + 6]) ® %(combm[k —1]+ comb,, [k + 1])}e17

. 3k

X[k]= %{(combm[k— 6]+ comby, [k +6])  (5[k—1] + S[k + 1))l *

. 3nk

X[K]= %(combm[k— 7]+ comb,,[k— 5] + comb,, [k + 5] + comb, [k + 7])e’ 7

X[7]= %(combm[o] +comb,,[2] + comb,,[12] + comb,,[14])e’* ==
Redl
21. Start with asignal,
X(t) = 8coy(30nt)
and sample, window and periodically-repeet it using a sampling rate of f_=60 and a window

width of N. =32. For each signa in the process, plot the signal and its transform, either
CTFT or DTFT.

x(t) = 8cos(30nt) «—— X () = 4[(f —15) + §(f +15)]

Solutions 7-32
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Using x[n]=x(nT,) and X (F)= f,X(fF)*comb(F)= f, i X(f(F-n)),

xn]= 8005(%)@ X(F)= 4[comb(F - %) +Co

| IX§f ) |

m%F+—
4

g

B
\ a5 151
-0-1 5t Phase of X(f )
A -15 15f
X (F)I
Hin
T Phaseof X (F) ! F
ey t .
) —~F
, 1,0<n<N;
Using W[n]—{o, otherwise ’ X, [n]=w[n]x[n], X, (F)=W(F)®X(F)
and W(F) = ot SN
sin(zF) '
8co{@) , 0<n<32
Xe[N] = 4
0 , otherwise
4 sin(zF) 4 sin(zF)
X, (F)=4 5(; _EJ*e—jsmF Slf_1(327rF) +6(F +1)*e“'3w SII‘.I(3277:F)
4 sin(zf) 4 sin(zF) |
sin(SZn(F 1)) sin(SZn(F + 1))—
1 - ) 1 -
N T i G
Sin(”(F —D sin(rc(F +))
4 4)) |
Using

Solutions 7-33

|
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and A
X%[k]—N—lFXSN(N—tJ , k aninteger
X, n]= 8005(%)
SR e G T G

) )

ot ) s () sniag
> : (k—8 ) . (k+8 )
SN —o 7 sinf——nx

32 32

. sin(zk . k-8 . . k-8 .
The quantity, BRI IS zero unless =y Is an integer. |If =y IS an even
sin( )

integer,
I Si n(nk) T COS(7rk)

iy (k—8 ):L'L‘Qn {k—8 )
SN —/, 7 —Co§ —~7
32 32 32

k-8 . :
If =y is an odd integer,

=32.

L 7t coy(7k)
klen(k_SE)‘Qﬂ;rcm{k_gn)
32 32\ 32

a8
32)=1. If % is an odd integer, e Jm( 32):_1_

=-32.

k-8 . ) —j317r(
If 3 s an even integer, e
Therefore

-J31ﬂ(%) sin(7ik)

© .(k—8 )
an ——mx
32

= 32comb,,[k— 8]

Similarly,

Solutions 7-34
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= 32comb,,[k + 8]

.(k+8 )
snl ——x
32

X, N]= 8COS(2T)% X ol K] = 4(comb,[ k — 8] + comb,, [k + 8])

Then

Using X(F Zx 8(F - kF,)

K=—oco

X(F)=4 i (comb,,[k — 8] + comby,[k + 8])6(F - L)

bt 32
(Impulses of strength, 4, at k=---— 40,—24,—8,8,24,40,-- or at
5 3 1135
F: I A A R R I )
4' 4 4’444
X, (F)l

10 L.

i 1 Phase of X (F)

x_ Il
8
-16 48
: WWF
Xl
W

(]

||||

* Phaseof X (F) *

T

t

-

22. Sometimes window shapes other than a rectangle are used. Using MATLAB, find and plot
the magnitudes of the DFT’ s of these window functions, with N = 32.

@ von Hann or Hanning

w[n]:%[l— CO{I\ZI—TlH , 0<n<N

Solutions 7-35
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X{ri IXIK|
1 16
31 n 32 32 k
(b) Batlet
2n N-1
—_— , 0<n<
wnj=1N-1 2
p_2n N-L oo
N-1' 2
[ri IXIK|

1[ N [ 16} [
31 n -32 32 K

(© Hamming

w[n]=0.54- 0.4600{%) , 0<n<N

x[n] XK

(d) Blackman
w[n]=0.42- 0.5005(—2m| )+ 0.0800{4—m) ,0<n<N
N-1 N-1

IX[KII
16

]

31 32 32

x[n]
1

23. Sample the following signals at the specified rates for the specified times and plot the
magnitudes of the DFT’ s versus harmonic number in the range, —7F <k< % -1

@ X(t)=cog2nt) , f,=2 , N.=16

Solutions 7-36



xX[n]
1[ ] l l ] l l l
-1

f=8 ,

n

(b) X(t) = cog(2nt)

x[n]

L1,
R

fs

(© X(t)=cog2nt) =

x[n]
1

-1

b5

f=2 |

(d) X(t) = coq(3nt)

x[n]

LI
TTT

X(t) = coq(3nt)

x[n]

(€)

(f)

16 ,

©M. J. Roberts - 7/13/03

XK
‘ 16‘
-8 ' 7 K
N. =16
XK
16‘
il
N, = 256
XK
256‘
-128 ) 127 k
N. =16
(XK
16‘
Ll
, N.=16
XK
16[
-8 7 k
, N_. =256

Solutions 7-37
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x[n] IX[K]|
1 , 256

]

pe pe bY pe pe
-1 . o
-128 127 k

24. Sample the following signals at the specified rates for the specified times and plot the
magnitudes and phases of the DFT’s versus harmonic number in the range,

_&< k<&_1
2 2

@ x(t)=tri(t-1) , f.=2 , N.=16

S

fS:2,NF=16
B.TIIHHHIIIH

ﬁ |1

- 11
BRI

()  x(t)=tri(t-1 , f.=8 , N.=16

S

~ .
=~

f =8,N_=16
S F
XK
8

e

-8 7

Phase of X[K]

0
| JT T

Solutions 7-38
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(© x(t)=tri(t-1) , f,=16 , N.=256

f =16, N_= 256
S F

IX[KI|
16
-128 127 k
Phase of X[K]
k
(d  x(t)=tri(t)+tri(t—-4) , f.=2 , N.=8
f=2,N_=8
IXIKI|
2
o ] o
Phase of X[K]
4 I s k

(e X(t) =tri(t) +tri(t—4) , f

Solutions 7-39
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f =8,N_=32
S F
IX[KI|
8

-16 oK
Phase of X[K]
RT
-16 Jr 15 K
-T

() x(t)=tri(t) +tri(t—4) , f.=64 , N_=256

f =64, N_=256
S F
IXTK]|
64
-128 127 K
Phase of X[K]
-128 127 k

25. Sample each CT signal, x(t), N, times a the rate, f,, credting the DT signal, x[n]. Plot
X(t) vs. tand x[n] vs. nT_over thetime range, 0<t< N_T.. Find the DFT, X[k], of the
N samples. Then plot the magnitude and phase of X(f) vs. f and T, X[k] vs. kAf over

the frequency range, —%< f <%, where Af = I\:S . Plot T _X[k] as a continuous
F

function of kAf usingthe MATLAB “pl ot ” command.

@  x(t)=5rect(2(t-2)) , f,=16 , N.=64

X(f):gsinc(%)ej“”f

Solutions 7-40
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x(®) |2).(( )l
5
f
Phase of X(f)
2t f
[TX K
xs(nTs) 2.

> K /N

B phaseof TX[K & ° ©

4 S
t-20

(b) X(t) =3s nC(T) , fs =1 , NF =40

X(f)=15rect(5f )e *

x(t) 15|X(f)|
3
0.5 o 0.5f
Phase of X(f)
0 ¢ W
-1 05 “N‘ ogf
[TXJKI

3 Kf IN

05 phase of TXJK %5 F

T

nT
0 S 05 \M 05 KN

(© X(t)=2rect(t—2)sin(8at) , f.=32 , N.=128
X(f):ZSinc(f)e‘j“’Tf*%[6(f+4)—6(f—4)]

X(f)= j[sinc(f +4)e 4" _sin( f — 4)e7 14|

Solutions 7-41
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x(t) X(F)
1
2
16 % f
7t Phase of X(f)
2 e f
[TX K
x4(nTy 1
2 KN,
18 phaseof TX [k 6
...... - nTS - S S
kf /N
5 -1 - 6 s F

(t-2 (t—6
(d) X(t)=10|:trl( 5 )_m 5 )] . f=8 , N.-64
(1)~ o{2sne 21 44 —2sn(21)e
X(f)=208in02(2f)(e—i4ﬂf _e—jlzn:f)

X(f)=20sinc*(2f)e '® (e!*" — e ") = j40sinc®(2f )& '* sin(4nf )

X(f
x(t) |40( )]
10

4
Phase of X(f)

TX 4K

1
kf /N

4 Phaseof TX[K * ° F

e x(t)=5cog2nt)cog16at) , f.=64 , N.=128

x(f):g[a(f 1)+ 5(1 +1)]*%[5(f —8)+5(f +9)]

X(f):g[é(f—9)+6(f—7)+6(f +7)+6(f +9)]

Solutions 7-42
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i

-32

> f

t Phase of X( )
T
5 2 o
-T
[TXJKI
Xs(nTy 5
> KE/N,
32 Phaseof TX [K ¥
nT s s
2 S T
kf /N
32 32 s F
5 .

26. Sample each CT signal, x(t), N, times a the rate, f,, creating the DT signal, x[n]. Plot
X(t) vs. tand x[n] vs. nT_over thetime range, 0<t< N_T.. Find the DFT, X[k], of the

N samples. Then plot the magnitude and phase of X(f) vs. f and % vs. KAf over the
F
f, f, f, X[K] . :
frequency range, _E< f <E’ where Af =N Plot N as an impulse function of
F F
KAf using the MATLAB “st enf’ command to represent the impul ses.
€) X(t)=4cog200nt) , f,=800 , N.=32
X(1)=2[8(f —100) +&(f +100)]
X(t) = 4cos(200mt)
X(t) IXZ(f)I
4 1]
-400 400 f
ol Phase of X(f)
-4 -200 2061
f,.=800,N_=32 X [N,
xs(nTS) ] 2 ]
4
400 rase of X JK/N_* 4N
nT F
004 S T
4 -400 400 krs/NF

(b)  x(t)=6rect(2t)*comb(t) , f.=16 , N.=128

X(f)= BSinC(%)comb(f): 33 sin 5)5(1‘ k)

K=—co

Solutions 7-43
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X(t) = 6rect(2t)* comb(t)

X(t) IX3(f)I
6
P | ‘ ‘ ) f
-8 8
Phase of X(f)]
! i ol
fS =16, NF =128 X JKIN|
x(nT) 3'
6 PR J I I L 2PN kf /N
® Phaseof X [K/N_ © ° ©
. - I o KN
L-nTg - .
(© X(t)=6sinc(4t) xcomb(t) , f.,=16 , N.=128
3 f 3 k
X(f)=—=rect| — [comb(f)=—= ) rect| = |6(f —k
(=3 (4) (D=3 (4)( )
X(t) = 6sinc(4t)* comb(t
(1) = Bsinc(ét)* comb(y e
1,
6 Ii
A 111
-8 8
Phase of X(f)|
W ot m
2 + 5 f
f,=16,N_=128 |XIk]/NF|
xs(nTs) T ]
6
111

% Phase of X [KI/N, °

2 R
(d)  x(t)=5cog2at)cos16nt) , f.=64 , N.=128
5 1
X(f):§[6(f—1)+5(f+1)]*E[6(f—8)+5(f+8)]

x(f):§[5(f-9)+5(f-7)+5(f +7)+8(f +9)]

Solutions 7-44
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X(t) = 5cos(2nt)cos(16mt)
x(t) X ()l

s i

-32
t Phase of X(f)|

T

5 2 32

f.=16,N_=128 X [N

XSinTS) ‘"ES‘ " Kf /N

e s F

%2 Phase of X [KIN_ *

nT
S

> nT
kf /N
32 l 32 s F
-T

27.Using MATLAB (or an equivalent mathematical computer tool) plot the signa,
X(t) = 3coy(20nt) — 2sin(307t)

over atimerangeof 0<t <400 ms. Also plot samples of this function taken at the following

sampling intervals. a) Ts:is, b) Ts:is, C) Ts:isandd) Ts:is. Based on what
120 60 ~ ° 30 15 _
you observe what can you say about how fast this signal should be sampled so that it could be

reconstructed from the samples?

T =1/120
s

28. A signal, x(t)=20c0g1000xt) is impulse sampled a a sampling rate of 2 kHz. Plot two
periods of the impulse-sampled signal, X; (t). (Lettheonesamplebeat time, t=0.) Then

plot four periods, centered at zero Hz, of the CTFT, X, (f), of the impulse-sampled signal,
X5 (t). Change the sampling rate to 500 Hz and repeat.

Solutions 7-45
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X(f)=2[8(F - f,) +8(f + f,)]
= Acos(2f t) x f,comb( f)

X, (t) = Acos(27f t) i S(t— fﬂj

S

Xé(f):g[é(f —fo)+0(f + fo)]*comb(fis)

N=—co

X (f :—[5f—f #8(f+ 1)) £, Y 8(f -nf,)
2[ (f—nf,— fo)+8(f —nf+ f,)]
fS—2kIT|;_w fS:SOOHz
x[n] x[n]

zof\ /1\\ //1 zof\ /1\\ //T

\ / \ / \ / \ /

l \ ‘ / \\ l e ’ l \ / \\ r2 :
vy , v ,

-20 N * -20 N AP

[X(F)] X))l
H‘TOHHH “Tm “‘
-4500 el -1500 1500 |
Phase of X(f) Phase of X(f)

-4500 el -1500 500 |

29. A signal, x(t):lorect(%), is impulse sampled a a sampling rate of 2 Hz. Plot the

impulse-sampled signal, X,(t) on the interval, —4<t<4. Then plot three periods,

centered & f =0, of the CTFT, X, (f), of theimpulse-sampled signal, X, (t). Change the
sampling rate to 1/2 Hz and repeat.

X(f)=40sinc(4f) , x;(t)= 1Orect(4)fcomb(ft)

o

fij » X;s(f)=40fsinc(4f)+ D §(f —kf,)

s K=—o0

X5(f):403inc(4f)*comb(

X, (f)=40t,Y sind4(f - kt)]

K=—oo

For asampling rate of 2 Hz, X ( 802 sinc[4( f - 2K)]

K=—oo

For asampling rate of /2 Hz, X, (f)= 202 sinc|:4(f _g)]

K=—oo

Solutions 7-46
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fS:2Hz fS=1/2Hz
X(t) (1)
i I
101 I B
Xs( )l Xs( )l
80 0
5 5 2 >
Phase of X( f Phase of X(f)
Sl 2 >

30. A signal, x(t)=4sinc(10t), is impulse sampled a a sampling rate of 20 Hz. Plot the
impulse-sampled signal, X;(t) on theinterval, -0.5 < t < 0.5. Then plot three periods,

centered a f =0, of the CTFT, X, (f), of theimpulse-sampled signal, X, (t). Change the
sampling rate to 4 Hz and repeat.

X(f)= érect(%)
X, (t) = 4sinc(10t) f,comby( ft)

X, (f)= %rect(%) * comb(fl)

2, % f —nfy
Xn(f):ngZrect( 0 )

N=—oco

f$=20Hz fs=4Hz
x[n] X[n]
-10 ’ N 0" 2 - l - 2N
-4 -4
IX(F)I X()l
8
Ll Ll f f
40 40 8 8
Phase of X(f) Phase of X(f)
T T
f f
40 40 ' 8 8

31. A DT signal, x[n], is formed by sampling a CT signal, x(t)=20cos(8xat), a a sampling
rate of 20 Hz. Plot x[n] over 10 periods versus discrete time. Then do the same for
sampling frequencies of 8 Hz and 6 Hz.

Solutions 7-47
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vl
20 \y \/ NG . \, \/ A/ N

32. A DT signal, x[n], isformed by sampling aCT signal, x(t)=-4sin(200xt), a a sampling
rate of 400 Hz. Plot x[n] over 10 periods versus discrete time. Then do the same for
sampling frequencies of 200 Hz and 60 Hz.

33. Find the Nyquist rates for these signals.
@  x(t)="15rect(300t)cos(10nt) Not Bandlimited. Nyquist rate isinfinite.

(b)  x(t)= 7sinc(40t) cog(1507t)

% —
2

X(f):l rect(f_75)+rect(f +75) = f, =2f, =190
80 40 40 &

x(f):lrect(i) L15(f —75)+ (1 +75)]

Solutions 7-48



©M. J. Roberts - 7/13/03

(©  x(t)=15[rect(500t) * 100comb(100t)]cos(10* nt)
Not Bandlimited. Nyquist rate isinfinite.

(d)  x(t)= 4[sinc(500t) * comb(200t)]

1 f )1 f 1 f f
X(f)=4{ ——rect com = rect comb| —
500 500/ 200 200 25000 500 200

200 Fye
X(f)= t f _ 200K
()= 25000 (500) 2, 4 )

K=—oo

X(f)= -1 3 5(f - 200k) = f

=2f =400
125 &~

Nyq

®  x(t)=-2[sinc(500t) * comb(200t)|cos(10" 7t)

1 f)1 f].1
X(f)= —2[ =00 rect( 500) 200 comb(%)] #[8(f —5000) + ( f + 5000)]

rect(i) comb( f ) + §( f —5000)
1 500 200

100000
+ rect(L) comb(i) #§( f +5000)
500 200

X(f)=

D rect(z—k)a( f — 200k) * §( f —5000)
X(f)=m b= N2
500| &
+ rect(z—sk)é( f — 200K) * &( f +5000)

X(f)= 13 rect(Zk)F(f—SOOO—ZOOk)]

500 4 5 )| +8( f +5000— 200k)

—oo

X()= 1 1[6(f—5000—200k)

L = fyq = 2f,,=10,400
500 & +8( f +5000— 200k)

34. On one graph, plot the DT signal formed by sampling the following three CT functions a a
sampling rate of 30 Hz.

€] X,(t)=4sin(20nt)  (b) X,(t)=4sin(80xt)  (c) X,(t) = —4sin(40nt)
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x[n] s
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35. Plot the DT signal, x[n], formed by sampling the CT signal,
X(t) =10sin(8nt) ,

at twice the Nyquist rate and x(t) itself. Then on the same graph plot a least two other CT
sinusoids which would yield exactly the same samplesif sampled at the same times.

x[n] s
10 . PPN -~ — \ N
I\ PR (NN W' N, R AvA I\ .
! ! N ! o Mo~y by !
M ;o v | I
[N A ! o T v \
/ [ A I Iy VoA W hon I
oy [N | Y )1 N [ \
ol g e T B n
T — = T
vl R MR pon ! h e T ‘8
\\ i RN il V2R VU (\ [V
\ Uy [N P AR RV NN
) ! \/\/\,\\r/\/\(/ N /\\\///\/
-10 \ N (S RN FAVARRY] W

s\

36. Plot the magnitude of the CTFT of
.ot
X(t) =25sinc (E)

What is the minimum sampling rate required to exactly reconstruct x(t) from its samples?
Infinitely many samples would be required to exactly reconstruct x(t) from its samples. If one
were to make a practical compromise in which he sampled over the minimum possible time
which could contain 99% of the energy of this waveform, how many samples would be

required?
(25sinc(t/6))?

10

X(f)=150tri(6f)
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The maximum frequency present in s(t) occurs where 6f =+1 or f = J_r% :

The total energy is most easily found in the frequency domain,
1
o - 6
E, = [ () df = [ hsotri(6 )" df =150 [ firi(6f )| df
—oo 1

—oo

6
1

1
F o

E, =150 2[|tri(6 f)| of =150°x 2] (1~ 6f)°df =150°x 2 (1-12f + 36 *)df
0 0 0

ol

1
E, =150°x 2[f —6f*+12f°[s =1502><2[5—£+£]=1502x2[£]=2500
0 6 36 216 216

From MATLAB smulation and trapezoidal-rule integration the minimum possible time that
would contain 99% of the energy of the signa would be from -3.9 s to +3.9 s. Sample a
times, -3s,0sand 3 s.

37. Plot the magnitude of the CTFT of
X(t) = 8rect(3t) .

This signa is not bandlimited so it cannot be sampled adequately to exactly reconstruct the
signal from the samples. As a practica compromise, assume that a bandwidth which contains
99% of the energy of x(t) is great enough to practically reconstruct x(t) from its samples. What
is the minimum required sampling rate in this case?

IX(f)P

()= Ssind £

Thetotal signal energy can be found most smply in the time domain.
1

64

T r; 5
2 2
E,= £|x(t)| dt = J [Brect(3t)| dt= 64'[1 dt = 5

—oo

6
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From MATLAB smulation and trapezoidal-rule integration the minimum possible frequency
range that would contain 99% of the energy of the signal would be from -30.9 Hz to +30.9 Hz.

total Area=64/3 ; %romanal ytical solution in time domain.
pt sPer Lobe=40 ; df =3/ pt sPerLobe ; %-irst zero at 3 Hz, 20 pts per | obe.
nLobes=4 ; nPt s=pt sPer Lobe*nLobes ;
f=[0:df: nPts*df] ; X=abs((8/3)*sinc(f/3))."2 ;
pl=plot(f,S,'k') ; grid ;
set(pl, ' LineWdth',2) ;
title(' Problem9.3.11',"' Font Nare' ,"' Ti mes', ' Font Si ze', 18) ;
x| abel (' Frequency, f (Hz)',' FontName',' Times') ;
ylabel (' | (8/3)*sinc(f/3)|"2",' Font Nane',"' Times') ;
set(gca, ' Position',[0.1,0.6,0.6,0.3],"' Font Nane',"' Tines') ;
loop="y"' ; area=0 ; f1=0 ; f2=df ;
while | oop=="Yy',
ar ea=ar ea+(abs(8/ 3)"2) *(si nc(f1/3)"2+sinc(f2/3)"2)*df/2 ;
disp(['f2 =" ,nunkstr(f2),', Area = ',nunBstr(area)]) ;
if area>.99*total Area/ 2,
| oop='n" ;
el se
f1=f1+df ; f2=f2+df ;
end
end

38. A signal, x(t), is periodic and one period of the signal is described by

3t , O<t<55
X(t) =

0 , 55<t<8

Find the samples of this signal over one period sampled at arate of 1 Hz (beginning at time,

t=0). Then plot, on the same scale, two periods of the original signa and two periods of a

periodic signa which is bandlimited to 0.5 Hz or less that would have these same samples.
x(0)=0,x(1)=3,x(2)=6,x(3)=9,x(4) =12, x(5)=15,x(6)=0,x(7)=0

Using MATLAB,

_ [45.0000, —26.8492 + | 3.8787, 6.0000 + j9.0000, 2.8492 - j8.1213,
~ |-9.0000, 2.8492 + j8.1213, 6.0000 — j9.0000 , — 26.8492 — 3.8787i
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x(t), X, (t) and x[n]

20+

ANt
\/ \/ 1
% Solution to Exercise 38 in Sanpling and the DFT

close all ;

fs=1; Ts =1/fs; T=8; N=T/Ts ;

% Set up a vector of sanpling tines, ts.

ts = [0: Ts: (N1)*Ts]" ;

% Set up a vector of correspondi ng sanpl e val ues, xs.
xs = 3*ranp(ts).*rect((ts-2.75)/5.5) ;

% Set up vectors of tines and signal val ues nuch cl oser
% for plotting the continuous signal, Xx.

nPts = 256 ; dt = T/nPts ; t = [0:dt:(nPts-1)*dt]"' ;
x = 3*ranmp(t).*rect((t-2.75)/5.5) ;

% Find the CTFS of the signal, x(t).

[Xs,k] = CTFS(xs,ts, k) ;

% CGenerate the bandlimted signal, xbl, which passes through

% all the sanples, xs[n]. Sumall the conplex frequency conponents
% fromn =-N2ton=+N2.

xbl = zeros(nPts,1) ; fO
for nn = -N2: N2-1, xbl

T ;
xbl + Xs(nn+N 2+1) *exp(j *2*nn*pi *f0*t) ; end

% Cean up any snmall imaginary parts left over due to
% round of f error.

xbl =real (xbl) ;

% Formtwo periods fromthe one period conputed so far for
% each time-domai n function conputed; s, x and sbhl.

xbl 2 = [xbl;xbl] | t2 = [t;t+T] ; x2 = [x;X] ;
Xxs2 = [xs;xs] ; ts2 = [ts;ts+T] ;
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% Plot the original signal, sanples and bandlimted signal.

p = xyplot({t2,t2,ts2},{x2, xbl 2,xs2},[0,16,0,20],"'\itt",...
"x({\itt}),x b I({\itt}) and x[{\itn}]"', ' Tines', 18, ' Tines', 14,...
' Times' 24, {'n",'n",'n" },{"'c','c,'d},{" K, K, K'});

set (p{1},' LineWdth',0.5) ;

39. How many sample values are required to yield enough information to exactly describe these
bandlimited periodic signals?

(@ x(t)=8+3coy8nt)+9sin(4nt) , f =4, f,,=8

T, = least common multiple of %s and %swhich is % S.

At the Nyquist rate we would have 4 samples. We must have an integer
number of samplesin one period, sampled above the Nyquist rate therefore
we need 5 samplesand f,=10.

(b) x(t)=8+3coy7xt)+9sin(4nt) , f, =35, f 7

m Nyg —
T,= least common multiple of (1/3.5) sand 0.5 swhichis2s.

At the Nyquist rate we would have 14 samples. We must have an integer
number of samplesin one period, sampled above the Nyquist rate therefore
we need 15 samplesand f = 7.5.

40. Samplethe CT signa,

X(t) = 15[si nc(5t) * %comb(%)]si n(32nt)

to form the DT signal, x[n]. Sample a the Nyquist rate and then a the next higher rate for
which the number of samples per cycle is an integer. Plot the CT and DT signals and the
magnitude of the CTFT of the CT signal and the DTFT of the DT signal.

X(t) = 15[si nc(5t) * %comb(%)]si n(32nt)

x(t)=15sin(327t) 3 sinc(5(t—2m))

M=—co

X(f)= 15[% rect(%) comb(2 f )} * lé[(s( f +16)-(f —16)]

X(f)= jg[i rect(2—5k)6(f —2k)]*[5(f +16)-5(f ~16)]

K=—co
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y %k_iw rect(z—sk)[é( f +16-2K)— 5(f —16- 2K)]

1
2[ (f +16—2k)—§(f —16— 2K)]
Nyquist rateis 36 Hz. The periodis2. Therefore 72 samples are required.
Using

we get

or
X(F)= f{i [8(fF +16-2k) - §(fF -16- 2k)]}*comb(F)
or

X(F)= ss{i [6(36F +16— 2k) — §(36F — 16— 2k)]}*c0mb(F)

X(F)= {§1[6(F +g— %)— 6(F —g— %H}* comb(F)

Theimpulsesat F = J_r% relative to integer values, cance each other out leaving only the ones

or

above and below.

At the next higher sampling rate 73 samples are required in 2 seconds. Therefore the sampling
rateis 36.5 Hz and

x(F)=773{i[5(723F+16 2k) 6(723F 16— ZK)]}*comb(F)

k=—1

X(F):{§1[6(F %‘%} 5(F —%—%)]}*comb(F)

or
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X(t) IX(f I

e O

XpyelMl X\ (P!

15 1
-15 I 1 F
X, Jri NG

15 1
-15 1 F

-1
41. Without using a computer, find the forward DFT of the following sequence of data and then
find the inverse DFT of that sequence and verify that you get back the original sequence.

X0l X1 X121, 3]} = {3.4.1-2)

2ﬂnk

X[K]= 2
3 3 7],@
X[0]=> x[n]=3+4+1-2=6,X[1]= Y x[nle 2 =3-j4-1-j2=2-6
n=0 n=0
3 ) 3 _J?Lm
X[2]=Y x[nje’™=3-4+1+2=2,X[3]=Y x[nle 2 =3+j4-1+j2=2+]6
n=0 n=0
3
%Z 6+2—J6+2+2+]6 EX —[6+J (2-j6)- —j(2+j6)]:
lk; 13 i1
22 kle!™ = [6 2-j6)+2-(2+6)|=1,x3]= 2 X[kle 2 =Z[6—j(2—j6)—2+j(2+j6)]:—
k= k=0

42. Redo Example 7-5 except with

X(t) =1+ sin(8nt) + cos(4nt)
asthe signal being sampled. Explain any apparent discrepancies that arise.
The bandlimited periodic signal, x(t) =1+ sin(8at)+ cos(4nt) is sampled at the Nyquist rate.
Find the sample values over one period, find the DFT of the sample values and compare with
the CFT of thesignal.
The highest frequency present in the signal is 4 Hz. Therefore the samples must be taken a 8

Hz. The period of the signal is0.5 second. Therefore 4 samples are required. Assuming that
thefirst sampleistaken at timet = 0, the samples are
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No-1 _j27mk
X[k]=> x[nle N
n=0
3 3 i
X[0]=Y x[n]=2+1+0+1=4,X[1]=D x[nle 2 =2-j+0+j=2
n=0 n=0 l

X[2]= ix[n]e-“m{z,lo,l} =2-1+0-1=0, X[3]= ix[n]e_i%m =2+j+0-j=2

n=0 n=0
The CFT of theoriginal signa is _
X(F)=38(f)+2[8(f ~2)+8(f +2)]+ L[s(t + 4)-5(1 - )
or, ordering the impulses with increasing frequency, _
X(f)=J§5(f+4)+%5(f+2)+6(f)+%5(f—2)—%5(f—4) |

The CTFS for the bandlimited, periodic signal from which samples (over one period)
were taken can be found from
_ X DET [k]

X CTFS[k] - N
0

Using the periodicity of the DFT, the " X .-¢[K]'s" needed are

x[-z]:o,x[-l]:%,x[o]:1,x[1]:%,x[z]:o

Expressing the signal asa CTFS,
No

_ 1 1
X(t)= Y Xerslk]e!? M)t = O+§e"“”t +1+ Ee““”‘ +0=1+ cos(4nt)

which is the same as the origina description of s(t) except that the sine term is missing. The

discrepancy lies in the fact that the sine part of the function is sampled at its Nyquist rate

(instead of above the Nyquist rate) and therefore does not show up in the DFT because of

aliasing.

43. Sample the bandlimited periodic signal, X(t)=15cos(300xt)+ 40sin(200xt) at exactly its
Nyquist rate over exactly one period of x(t). Find the DFT of those samples. From the

DFT find the CTFS. Plot the CTFS representation of the signal that results and compare it
with x(t). Explain any differences. Repeat for a sampling rate of twice the Nyquist rate.

The Nyquist frequency of the signal is 150 Hz. Therefore the Nyquist rate is 300 Hz. The

period of the signal is the LCM of the two periods of the sinusoidal components, 1/150 and
1/100. TheLCM is 1/50. Therefore the period of the signal is 1/50 second. Sampling for 1/50
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second a 300 Hz requires 6 samples. If the samples begin a t = 0, they are
{15,19.641, -19.641, - 15, 49.6410, — 49.641} .

The X per[K]'sare {0,0, - j120, 90, + j120, 0} .
The CTFS Xceg[K]'sare {7.5,j20,0,0,0,-j20, 7.5} .

X(t) and x[n]

50
\l\_//]\\l/é % t

_50 —

x(t) from CTFS

50-
/\\/ /\\/6.02 t

-50

At asampling rate of twice the Nyquist rate (600 Hz):
The X e [K]'sare {0,0,-j240,90,0,0,0,0,0,90, + j240, O} and the X -;¢[K]'s are
{0,0,0,75,j20,0,0,0,-j20,7.5,0,0,0} .

X(t) and x[n]
50+

AN
ol \u \L/]/o.oz

x(t) from CTFS
50+

T~ N\ .
ol \/ \/0.02

44, Sample the bandlimited periodic signal, X(t)=8cog50nt)—-12sin(80nt) at exactly its
Nyquist rate over exactly one period of x(t). Find the DFT of those samples. From the DFT
find the CTFS. Plot the CTFS representation of the signal that results and compare it with
X(t). Explain any differences. Repeat for a sampling rate of twice the Nyquist rate.

The first sampling is a the Nyquist rate, 80 Hz, for one period, 1/5 s.
The X [K]' sare

{0,0,0,0,0,64,0,0,0,0,0,64,0,0,0,0}
The X o K]'s are

{0,0,0,4,0,0,0,0,0,0,0,0,0,4,0,0,0}
X(t) and x[n]
20

-20
x(t) from CTFS
20

NN NN L
l\/ T w2
20
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The two signals are different because the signal contains a sine wave at the Nyquist frequency.
For the second sampling at twice the Nyquist rate,

The X [K]' sare
0,0,0,0,0,128,0,0,j192,0,0,0,0,0,0,0,
{0,0,0,0,0,0,0,0,—j192,0,0,128,0,0,0,0}
The X K]'s are
o,o0,0,0,0,0,0,0,-j6,0,0,4,0,0,0,0,
{0,0,0,0,0,4,0,0,j6,0,0,0,0,0,0,0,0}

x(t) and x[n]
20

-20

x(t) from CTFS

ZOT/\/\/\/\/\V/\/\AII
-zolv V\/\/ \/\/\,0.2

45. Using MATLAB,

@ Generate a pseudo-random sequence of 256 data points in a vector, "x",
using the "randn" function which is built into MATLAB.

(b) Find the DFT of that sequence of data and put it in avector, "X".
(© Set avector, "Xlpf", equal to "X".

(d) Change al the valuesin "XIpf" to zero except the first 8 points and the last 8
points.

(e Takethereal part of theinverse DFT of "Xlpf" and put it in avector, "xIpf".

® Generate a set of 256 sampletimes, "t", which begin with "0" and are
uniformly separated by "1".

(9) Plot "x" and "xIpf" versus "t" on the same scale and compare.

What kind of effect does this operation have on a set of data? Why is the output array cdled
"XIpf"?
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x(t) and xlpf(t)

-3+

% Sol ution to exercise 45 in Sanpling and the DFT
close all ;

X = randn(256,1) ; X =fft(x) ;
[ones(8, 1); zeros(240,1);0nes(8,1)] ;

mask =
X pf = mask.*X ;
xlpf :real(lfft(XIpf))
t = [0:255]"
p = xyplot({t t}, {x,xIpf},[0, 256, -3, 3], \|tt
"x({\itt}) and x| _p_ f({\ltt}) 18
‘Tines',14,'', ' Times',24,{'n", }{ c}{k k'})

set (p{1},'Li nerth 0. 5)

46. Sample the signal, x(t) = rect(t), at three different frequencies, 8 Hz, 16 Hz and 32 Hz for
2 seconds. Plot the magnitude of the DFT in each case. Which of these sampling
frequencies yields a magnitude plot that looks most like the magnitude of the CTFT of x(t)?

x[n] IX[K]|
L. 8
s ] ] N _LLL-—A~J~LJ—16¢|<
x[n] IX[K]|
M 1 16
190a A I
1 TN ! : 2 "
IX[K]|
32
1 1 n 64 k

47. Sample the signal, x(t)=rect(t), a 8 Hz for three different tota times, 2 seconds, 4
seconds and 8 seconds. Plot the magnitude of the DFT in each case. Which of these tota
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sampling times yields a magnitude plot that looks most like the magnitude of the CTFT of
x(t)?

X[n] IX[K|
”[ H‘ |
+ ] ] N _L-LJ———A~1-LJ—160|<
X[n] XK
m Sh‘-mu-"ﬂl'.
2 5N h K
X[n] IX[K|
8
4 gl 64 k

48. Samplethe signal, x(t) = cog(nt) at three different frequencies, 2 Hz, 4 Hz and 8 Hz for 5
seconds. Plot the magnitude of the DFT in each case. Which of these sampling frequencies
yields amagnitude plot that looks most like the magnitude of the CTFT of x(t)?

x[n] [XTK]|

1 ] ] 5’

LT ,r”m”rmk

x[n] XK

1 10

Ll L

1 . zok

x[n] IX[K|

1 20
T b

1 k

49. Sample the signal, x(t)=cognt), a 8 Hz for three different total times, 5 seconds, 9
seconds and 13 seconds. Plot the magnitude of the DFT in each case. Which of these tota

sampling times yields a magnitude plot that looks most like the magnitude of the CTFT of
x(t)?
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XK
20

XK
36

IX[K]|
52
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